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Abstract 

■ This paper introduces a measure or statistics invariant through the flow of the Benjamin- 

'p^l Bona-Mahony equation and studies its stabiHty, regarding a specific class of perturbation and 

f~i ■ in the idea of the wave turbulence theory. 
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1 Introduction 



Wave turbulence studies the evolution of some particular statistics under the flow of non linear 
equations with a weak non hnearity. An early reference on the subject is the one by Peierls in ifTSll 
in 1929. The theory has known important developments during the sixties thanks to Zakharov, 
Filonenco, or Musher see ifTOl [191 [T2| . who have described the invariance of particular spectra 
known as the Kolmogorov-Zakharov (KZ) spectra which represents the average amplitudes to the 
square of waves, or the number of particles given a wavelength. In more recent works such as ID, 
the stability of the KZ spectrum has also been studied. 

The purpose of these works is to consider each possible wavenumber of the linearised around 
the zero solution equation (that is to say, the non linear equation which the non linearity has been 
removed of) and assume what is called the random phase approximation (RPA) which presumes 
that the phases of the waves corresponding to these wavenumbers are initially independent from 
each other and taken uniformly distributed over the circle S ^ . 

A review of general KZ spectra, that is, of the statistics such that the average of the amplitudes 
to the square are invariant under the flow of some PDEs can be found in 13 . 

Moreover, diff'erent time scales have been observed between the studied PDE and the evolution 
of average quantities such as the energy, lfT4l[T3l . 

Another question that arises is how does the law of the statistics itself evolve. This question 
appeared since the beginning of the theory in ifTSll and was later developed by Brout and Prigogine 
in a. 

In more recent papers, not only the phases are supposed independent but also the modulus 
of the amplitudes (Random phase and amplitude assumption). One can thus wonder whether the 
waves remain independent as they evolve in time and as they interact due to the non linearity of the 
equation. A general investigation leads to the preservation of the independence and the distribution 
of the phases under some conditions up to corrections of order 2 wrt a small parameter controlling 
the non linearity, [7|. 

To be more precise, what is called a statistics is a random variable with value in L^, or a space 
linearly spanned by the eigenmodes of the linear equation corresponding to the non linear PDE. 
This random variable induces a measure on L^. It can also be seen as two sequences of random 
variables with values in and 5 \ A„ e R"*^ (for the modulus of the amplitude) and (p„ € for 
the phase. Then, the random initial data is given by : 

^ A„ip„en 

n 

where e„ are the eigenfunctions of the linear operator involved in the studied PDE. 

Under the random phase approximation, the ip„ are supposed initially independent from each 
other and from the A„, and are supposed uniformly distributed over S ^ Under the random phase 
and amplitude assumption, the A„ are also supposed independent from each other. The quantity 
introduced in |i7j| to study the stability of the statistics is : 

N 

Z''{A,fi,t} = (Y]e''^'^^^'<Pi{tr} (1) 

where ( . ) denotes the mean value wrt te initial measure induced by the statistics. The integer 
corresponds to a certain (large) number of waves and the behaviour of is studied as N goes 
to oo. As time passes by, the values of the random variable A„ and (fin evolve and interact with 
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each other, and thus, Z depends also on t. Notice that this construction highly depends on the 
choice of the basis {e„)„. The stability is a control of the difference between Z^{t) and Z^(f - 0). 
However, this generating functional has been chosen mainly for its convenience regarding the 
problem studied. Here, another one is taken, still for reasons of convenience, but the main purpose 
remains studying the law of the statistics. 

Modulus invariant statistics (KZ spectra) are the ones such that (A,^(0) - (A^(0)) at least 
"locally" in n, that is for « of a certain order. The solutions are of the form (A,^) = Crfi. 

In this paper, the equation onto which wave statistics are dealt with is the Benjamin - Bona - 
Mahony equation : 

dt {l - d^^ u + dx{u + y) = ^ " periodic in x, ? € R 
u\t=o = uq e for some s >0 

This equation is an alternative to KdV in the context of long wavelengths and small amplitudes 
water waves. The terms of second order in M^- have been replaced by -Mj. It has been chosen 
because it has a so-called linear invariant, the norm to the square. This invariant permits to 
construct an initial datum belonging almost surely to L^, whose law is invariant under the flow of 
the equation, that is, there is an invariant statistics (measure) ju on L? for the BBM equation. 

For the measure ju, the questions that generally arise in wave turbulence, are entirely dealt with 
thanks to its invariance. The squares of the amplitudes are invariant and equal to ~ n~^, the 
independence remains valid at all time, there is no time scale so to speak for the evolution of the 
average quantities in general since they ai^e invariant. 

This statistics will be slightly perturbed, in a way that shall be defined later, and the investi- 
gation is about the evolution of this perturbed statistics //y, and what it implies for the evolution 
of the squares of the amplitudes. This measure depends on a small parameter V, which is a 
function representing a potential, whose L°° norm and the L°° norm of its derivatives are close to 
0. 

Remark that the unknown is real here and not complex. Thus, the initial statistics considered 
has been chosen as the real part of a complex statistics satisfying the conditions imposed by wave 
turbulence, random phase amplitude or random phase approximation. 

The generating functional used to study the evolution of the law of the statistics is the charac- 
teristic function, which means that the evolution of 

ZviA, t) = £y(e'<'*'*«"«>) (3) 

is considered, where Ey is the mean value wrt the perturbed statistics fxy, or dfiyiuo), *p{t) is the 
flow of the BBM equation, A e L^, and the brackets denote the usual scalar product in L^. 

In fact, there does not seem to exist quantities of type ([B in the context of BBM as it is a real 
valued context. However, (O measures independence of the amplitudes as well as ([T|l and thus 
seems as natural as ([U. 

It is known from |l2j [I6l that the BBM equation is globally well posed in H" for all 5 > and 
there even exist bounds on the norm of il/{t)uo- The first thing proved here is the existence of a 
statistics invariant under the flow of BBM. 

Theorem 1. There exists a measure fi on l7 invariant under the flow of BBM. The measure fi is a 
Gaussian vector in infinite dimension. For all A Q measurable ( in the sense of the topological 
cr algebra), 
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This statistics n is taken such that all eigenmodes are independent from each other. The mea- 
sure jj. is of Gibbs type, in the spirit of the works by Lebowitz-Rose-Speer, ifTTl and Bourgain, 
0. 

Now a small parameter V is introduced, and the statistics ^ is changed into a statistics which 
allows covariance (of order V) between the modes. As it happens, jiy is built in a way that involves 
a slightly different linear operator Dy = (1 + V)~^l^{\ - d\)~^dx{l + V)^^^ from the operator of 
BBM ((1 - d^y^d^) and the perturbed eigenmodes (the projections onto the eigenf unctions of Dy) 
are independent from each other. 

In fact, the change of statistics corresponds to a change of the equation, and the statistics fiy is 
invariant under the perturbed flow, the new equation being : 

(1 + Vy'^ul 

dfUy + Dy{Uy H ^ ) = ^ 

as BBM is 

The flow of this equation globally exists and is noted \fjy. The measure ^y is an infinite 
dimensional Gaussian vector on with covariance operator Vl + V{1 - d\y^ Vl + V. 
In the end, there is an estimate regarding the characteristic functions 

Theorem 2. Let e e]0, there exist two constants C and c such that for all A e L^ and all f e R, 

\Zy{A,t)-Zy{AM < C\\V\\My\tf'^^'^e'^'\''''' 
where \\V\\co controls the smallness of the perturbative parameter V and Zy{A, t) is defined by (O. 

Remark 1.1. This result leads to the stability of the so-called KZ spectrum for this equation, that 
is, the mean values of the amplitudes to the square differ from their initial values only with order 
II V||oo and with the same behaviour in time : for e €]0, 1 /2[, there exist C, c such that for all n ef^ 
t e R, 

\Ev{mt)uo,cos{nx))f) - Ey{\(uo,cos{nx))\^)\ < C\\V\Utf'^^'^e'^"'"'" . 

Remark that x i-^ e'" can be replaced by any F as long as F is smooth enough, for instance if 
F is differentiable and its derivative is bounded. 

Plan of the paper In Section 2, the existence and invariance under the BBM flow of the measure 
yu is proved. For that, the techniques used are the same as in 1^]. The BBM flow is approached 
by finite dimensional flows, and the measure by other measures onto finite dimensional spaces, 
such that the conservation of the approached measures under the approached flows can be actually 
computed. Then, the limit is taken. 

In Section 3, the meaning of the phrase "perturbation of the statistics" is given. The measure 
/I is a Gaussian vector of diagonal covariance matrix, the perturbed measure juy is also a Gaussian 
vector whose covariance matrix coefficients depend on the Fourier coefficients of the small 
parameter V, such that it tends to the covariance of fj. when V goes to 0. The measure jUy is built in 
a way such that it is a priori invariant under the flow if/y of a. V perturbed equation. Section 3 also 
introduces this equation, its invariant and a method to approach it by finite dimensional equations. 
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Section 4 provides a proof of local well posedness of the perturbed equation, which is mainly 
a verification that the operator Dy has properties in common with (1 - d\)~^dx- Then, the almost 
sure global well posedness is exposed along with the invariance of under the flow i/'yCO which 
leads to the invariance of 

In Section 5, the same techniques as in the first sections of fT\ are used to get bounds on the 
norms of tl/{t)uo and il/v{t)uo - lACO^^o in order to finally prove theorem Q. 



2 Invariance of the independent Gaussian statistics 

Consider a system which can be seen as a statistical repartition of waves. In particular, look at the 
case when the repartition is a Gaussian onto each mode of the linear equation and those Gaussians 
are independent. It means that two different wavelengths are statistically independent. It evolves 
through the flow of the BBM equation. As it evolves, the different wavelengths interfere but the 
statistical repartition remains the same. Namely, the statistics is represented by a measure that is 
invariant through the flow. 

The plan of this section comes as follow : first, the measure is defined, then, its invariance 
through the linear flow is proved, and then, its invariance through the BBM equation. 

2.1 Linear invariance 

The measure constructed here is a infinite dimensional Gaussian w.r.t. the Laplacian. In finite 
dimension, it is a Gaussian vector with a covariance matrix representing (1 - d^)'^. This also 
corresponds to a Brownian motion conditionned by In periodicity, u{2n) = u{0). Then, the limit 
is taken. 

The equation ^ admits 



udx (4) 



as an invariant. 

Then, there exists a measure invariant through the flow of Q, as the action of the covariance 
matrix to the solution is independent from time. 

Definition 2.1. Let (c„)„>o and is„)n>i be the orthonormal basis of real with periodic condi- 
tions: 

co(x) - —— , Cn(x) = —= cos(nx) and Sn(x) - —= sin(nx) . 

Let (gn)n>o and (/i„)„>i be real independent centred normalized Gaussian variables on a prob- 
ability space Q., J{, P. For all M < € N, caU 

^ r a X [0, 2;r] ^ R 



oj,x^y!:-_m[-^m^)^^m^)) 



with the convention sq = and Hq = 0. 

Define ju^ the measure onto E'^ the Hilbert subspace of linearly spanned by { 
M,...,N} that is the image of ip^. 
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In |[T8l . some helpful properties for the and //j^ are given. 

Proposition 2.2. For any M > 0, the sequence i<p^)N converges in L^{Q., L^([0, 2;:])). 

Call ifiM it limit, and hm the measure on Em the subset of linearly spanned by {c„, s^ \ n > 

M}. 

As a convention, is noted /i. 
The following statement holds : 
Proposition 2.3. For any open set U c Em (for the trace topology ofL?'), 

PMiU) < liminf n^iU n E^) . 

N^oo 

What is more, for any s € [0, j[, calling the closed ball of centre and radius R in H\ which 
is a compact set in when s > 0, it comes that : 

where as = ^(l + 2 Xn>i (i+ni)i-j ) i^ ^ constant wrt R. 

This is enough to show the invariance of the measures pM through the linear flow. 
Definition 2.4. Let 5(0, f e R be the hnear flow of Q, that is the flow of : 

d,{\-dfju + d^u = . (5) 

This flow is isometric in L^, but as a matter of fact, it is also isometric in //^ for all s and in 
particular, for the s that have an interest regarding the measure p, that is 5 e [0, j[. 

What is more, for all M,N, S{t)E^ = E^ and S{t)EM = Em, and it is reversible since 

S{ti+t2) = S{ti)oS{t2). 

Then, thanks to stability, one can acknowledge the fact that the measure on the finite dimen- 
sional subspace E^ is invariant under the linear flow. If u is written : 

N 

U ^ Y^{a„{t)Cn + bn{t)Sn) 
n=M 

then 



an{t) = a„ cos{- -t) - b„ sm{- -t) and bn{t) = b„ cos{- -t) + a„ sin(-; -t) . 

1 + «^ 1 + 1 + 1 + 

Hence, the measure e~^'^'^*^^^^^*"^^l^dadb is invariant under the change of variable <3°,^[,' ^ 

an{t), bn{t). 

As 

dpliu) = f[ da,db, , 

k=M 

the measure p^ is invariant under the linear flow. 

Making a parallel with the proof of the invariance of the measure under the linear flow in lH, 
one can see that the proposition (12. 2I ). the reversibility of 5(0 and the fact that it is isometric in 
are sufficient to prove the invariance. Hence, 
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2.2 Approaching the non Unear flow thanks to finite dimension 

Using now the approach by Burq-Thomann-Tzvetkov [5] and by Burq-Tzvetkov IH, it is possible 
to prove the invariance of ju under the flow of Q. For that, the non linear flow is approached 
by flows in finite dimensional spaces instead of L^. The idea is that it is possible to compute 
functionals and measurements in finite dimension, not in L^. Then, to get results on the whole 
space, compact convergence arguments are used. 

Definition 2.6. Let 11^? be the orthogonal (on L^) projector on E'^ and consider the non linear 
equation : 



Writing Mo = Ha^mq + (1 - ^n)iiq = + w^, with e E^^ and € ^a^+i, one sees that 
the problem Q can be reduced to a linear problem with infinite dimension on and a non linear 
one with finite dimension on v° , that is,u-VM + w/v, vn e E^, wn e ^at+i satisfying : 



has a unique global solution on E^ and jj.^ is invariant under its flow, noted 4>n- 

Proof. The local uniqueness and existence of the solution is due to the fact that the non linearity 
is Lipschitz continuous in finite dimension. The global uniqueness and existence comes from the 
mvariance of the //^-Sobolev norm (equivalent to the L norm in finite dimension) and then, the 
invariance of the Lebesgue measure from Liouville's theorem for ODEs, see ifTTll for the proof and 
further properties of Hamiltonian flows). Indeed, write Fn{u) = (1 - d\)~^dx{u + TlA^y). This 
function (on E^ ) derive from a Hamiltonian, see the work of Roumegoux, |[T6l for the details of 
the proof, of the form 




(6) 




and 




Proposition 2.7. The equation 




Fn{u) = JVfNiu) 



where / is an antisymmetric operator 



7 - (1 - dir'd. 
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and is the function : 

jNiu) ^ I — . 

From this Hamiltonian form, it appears that Fj^ is divergence free. Indeed, indexing some 
basis of E'^ by / and writing Fj^ = (F'^)/ in this basis, it comes 

div fm = Yj ^i^N = 2](^v/^)' = 2] dij'jiwfyy 

i i i,j 

'J 

and J being antisymmetric, this sum is zero, F^ is divergence free. 

Now, since F^? is divergence free, the Jacobian of (pNit) does not depend on t, and so it is 1, the 
Lebesgue measure is invariant under the flow, which is the Liouville theorem. Indeed, its proof 
gives 

D,(jac 4>N(t)(uo)) = Dt (det {du^(pN{t))) = (Drf,,^0^(,)det) o (Dt(duo<pN(t))) 
and Dt and dug commute so 

Dtiduo(f>N{t)) = duoiD,(f>N{t)) = duoFN o 0/v(O = d^^(t)uaP ° duQtpNit) 

uo4>n{0) ^ ° d,p^(t)uoF ° duo4>N(t)) 

= Tr{d^^^,)uoF) = div F{(f>N(t)uo) ^ . 
Then, as the norm is invariant under the flow, 

diJ.^{u)^d^e--2^"^^-^'^"dL{u) 
is also invariant under the flow. □ 
Proposition 2.8. The measure fi = ju^ ® /un is invariant under the flow o/dS]), noted i^n- 
Proof. Let A c and B c E]\i+i /u^ and jjf^ measurable respectively. Then, 

Ki/fN{t){A X B)) = ^i{{cl>N{t)A) X {S{t)B)) 
= iu^(Mt)A)iJN+i(S(t)B) = n^(A)fi!,+iiB) 
= n{A X B) 

thanks to the invariance of //^ under and of ///v+i under 5(0- 

As the proposition holds for every Cartesian products, it holds on all measurable sets. □ 



8 



2.3 Invariance under the non linear flow 
Definition 2.9. For all T e R+, set 

X'j=C{[-T, T],H') 

normedby || . 

The following lemma comes from fTF] : 

Lemma 2.10. Let ^ > 0. There exists a constant Cs depending only on (and increasing with) s 
such that the flow i// of the BBM equation (|2]) is deflned on [_—T, T] X B^ , as long as T < 
Moreover, if{t, uq) € [-T, T] x B^, then 

\m)iuo)\\H^,\\ilJN{t){uo)\\w <2R 

and, calling, for \\u\\x^^ < 2R, 

1 r' 

A(u)(t) = S{t)uo - - S{t- s){\ - dlr^dyds , 

2 Jo 

for all u, V, 

\\A(u)-A{v)\\xj <2CM\ii-v\\x-^ ; 

The sequence t//Nit)iuo) converges uniformly in uq e B^, s > for the topology of with a 
suitable T. 

Lemma 2.11. Let s e]0, j[ and R > 0. Let e > 0, there exists Nq e'N such that for all N > No, all 
uq € and all t € [-3^, 3^]' 

||(A(0"0 - llfN{t)Uo\\L2 < 6 . 

Proof. Let uq € B^. Call u = il/{t)uQ and u^ = (Aiv(Owo- Then, m is a fix point for A and u^ for An 
such that : 

AN{v){t) - S{t)uo - 1 r S{t- s){\ - dlr'dMUNv{s)fds 
^ Jo 

that is 

AN{v)(f) - Sit)uo = n^(A(n;vv)(0 - S(t)uo) . 

Thus, 

u-un =A(u)-An{un) = A{u) - S {t)uo - {AN{t)uN - S {t)uo) = A{u) - A{IInUn) + -HnXS {t)uo) . 
Hence, with T - 

\\u-un\\x<i < \\{l-UN)S{t)uo\\L2+\\A{u)-A{UNu)\\xo <N~'\\S{t)uo\\H^+2CoTR\\u-UNUN\\xo ■ 
Then, 
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and 



\\S(t)uo\\H' = \\uo\\h^<R 



\\U - UnUnWj^^ < \\U - UnWxO + \\UN - ^Nm\\x° ^ II" - "wllxO + N 'llMwIlxf • 

Finally, 




so there exists A'^o depending only on s and R such that for all N > Nq: 

\\u - unWxo < e . 

□ 

Lemma 2.12. Let s e]0, j[ and R > 0. Let A be a measurable set of L^ included in B^. Let 
T - 3^ , for all t e [-T, T], 

Proof Suppose that A is closed. There exists A^o such that for all N > No and all uq e A, 

- il/Nit)uo\\L2 < e . 

for all A'^ > No, il/{t)A c ij/i^{t)A + S^. Then, satisfies, thanks to the continuity and the re- 
versibility of the local flow. 

M)A + = lfrNmNi-t)iM)A + S^) C lJ,Nit)illfN(-t)M)A + B'^ce) 

il,N{t)A + BlQil,N{t){A + Bl^) 
with a constant C independent from A^. So, 

nm)A) < ju (il^N{t){A + 4^)) = n{A + Bl^) 
and, with e ^ 0, thanks to the dominated convergence theorem 

For the reverse inequality, il/N{t)A c \l/{t)A + B^, so 

/i((A(OA + 4') ^ A'(«A/v(OA) = yu(A) . 

If A is open, then A'^ the complementary of A in is closed and included in B^. So, the 
local invariance is true for open sets. Then, the flow being unique and reversible, it is also true for 
countable disjoint unions, and so for all measurable sets. □ 

Build now a set set onto which /i is invariant under the BBM flow and prove that it is of full 
measure. Then, as it is of full measure, ju is invariant under the flow of BBM. 
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Definition 2.13. Let s e]0, i[ and /? > 0. Let Rk = ^/k+lR and tk = - — 7=- and Tq = 0, 
Tn+i = ZLo^^ Call A^(/?) = i/fN(Tn)-\Bl) U i/fM(-T„)-\Bl), 

ANiR) = f]A"^(R) 

n>0 

AiR) = limsupAAr(/?) . 

Proposition 2.14. There exists two constants C > and a> such that for allR> 2, iu(A(Ry) < 



Proof. Indeed, 



then, 



and 



A{Rf = limMAN{Rf 
H(A(Rf) < limMn(AN(Rf) 

fi(AN(Rr)<J]KK(Ry) 

n>0 



thanks to the invariance of yu under ^^v. 



M(ANiRy)<2Y,ie"''''f^'^ <Ce- 



n>0 

with C independent from R. Hence, 



H{A{Rf) < Ce~"^^ 



Theorem 2.15. Let C be a fi measurable set ofL . Then, for all ? e R, 

Proof. Let Cr = C O A{R). As A{R) is ju measurable, Cr is also measurable and included in A{R). 
By induction over n, ij/{±Tn)CR c and for all t e [-r„, r„], 

HimCR) ^ I^{Cr) . 

Indeed, for « = 0, r„ = 0, so fi(i^(0)CR) = ij{Cr). Then, as Cr Q A{R), for all m € Cr, there 
exits a sequence Nk ^ 0° such that u e An^{R), that is tfrNki^nXu) ^ B'^ for all n. In particular, for 
n = 0, 

M = i/^N,(0)(u) e B^^ 
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and it will also appear by induction that for all n, if/Ni^{Tn)u converges in L? toward il/{Tn){u) when 
k goes to oo. 

For n ^ n + I, suppose that il/{T„)C]i c and for all t € [-r„, T„], iJ.{il/{t)C r) = iJ.{Cj{) . As 
>fj(Tn)CR 2 fi^ and iIj{-T„)Cr c 5^ , thanks to'lemma (l2J2l) . for all t e [0, 



and 



^i{il/{-m-Tn)CR) - //((A(-r„)CR) = //(Cr) , 
as r„+i = r„ + f„, the invariance is true for t e [-r„+i, r„+i]. Then for all u in Cr, 

- lJ/N,(Tn+l)(u)\\i2 = \\llf(tn)HTn)(u) - lAA'tfe¥(r„)(M)||i2 + 
\\<^N,itnMiTn)iu)) - (AiV,fe)(lAw*(r„)(M)||i2 . 

Thanks to lemma (12.101) . there exists a constant independent from N such that \\if/Nkitn)iu) - 
<AA',t(^ji)(v)|lL2 < C\\u - v||^2 as long as m, v € *- > 

ll<AiV,fe)(<A(r„)(M)) - <AiV,fe)(<AiV,(rn)(M)llL2 < C||(A(r„)(«) - <J^N,(T„)(u)h2 ^ 

by induction hypothesis and 

mtnMTnXu) - iPN,{tn)ip{Tn){u)\\i2 ^ 

when k,Nk ^ °o thanks to lemma (I2.11I) . So, ipNf,{Tn+i){u) € ^ converges toward i]j{T„^i)u in 
and as B^ is compact in L^, ^{Tn+\)u e Br^^^j. 
The induction is proved. 



Then, for all f e R, as r„ = 



n 1 



oo, there exists n such that f € [-r„, r„], so 



IJL{ll/{t)CR) = ijl{Cr) . 



Finally, 



^im)C) > KmcR) = KCr) 



and 



It comes 



fi{C) < fi{CR) + iu{A{Ry ) < /i(Cr) + Ce-"" < nimQ + Ce 



and 



hence 
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3 A new measure and new equations 



Now that the statistics /i has been proved to remain invariant through the BBM flow, perturb it a 
little bit and see if yu is stable. That is, build a statistics juy depending on a small parameter V close 
to and analyse the evolution in time of juy, see that it remains close to its initial statistics, and so 
close to yu. 

The new statistics /ly will admit two different interpretations, depending on the point of view. 
First, regarding the measure itself, it adds some correlations between the wavelengths. With the 
statistics fi, the different wavelengths were all independent from each other (the Gaussians had 
been taken independent), with fiy two different wavelengths will be all the more depending on 
each other that their wavelengths are close. 

The statistics /xy are also the invariant statistics for the BBM equation onto which the unknown 
u has been replaced by Vl + Vu. Developing this expression to the first order in V, one gets a new 
equation corresponding to adding some external potential or a dispersive term, like frictional or 
shearing resistance. 

3.1 Perturbation of the measure 

The measure /j. shall now be perturbed. 

Definition 3.1. Let Vbe aC^ periodic function. Set || . lU = II . ||l<» + ll^x • IIl<» + 11^^ • Hi" 
suppose that ||y||oo < 1/2. The operator multipUcation by V, also noted V, is defined from to 
and its norm satisfies : 

IIVIIo = l|V||x(L2,L2) < ||V||l<» . 
Proposition 3.2. As \\V\\oo is strictly less than 1 and self adjoint, the operator on 

(1 + 

is well defined and its norm is less than 

11(1 + W^'Hq < ,^ L... ^ ^ • 
VI ■ 



Remark 3.1. The function V is the small parameter by definition, but if one looks at g — Vl + V— 

1, it is also a small parameter in the same norm. 

Definition 3.3. Let Bj^ be the matrix of njv(l + V)~^l'^H~^IVf^ in the orthonormal basis 
where H = {\ - c^^)^^^, that is the coefficients of B;^ are given by 



(BN)n,m - 

where ( , ) is the scalar product in E^. 



( {cn, (1 + V)-^l'^H-^c,„) if n,m<N 

{c„, (1 + Vy^^^H~^s„-N) ifn<N,m>N+l 

(sn-N, (1 + V)-^'^H-^Cr„} if m < N , n > N 

{s„-^f,il + V)~^/^H~^Sm-N) otherwise. 
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Definition 3.4. Call = (go, • • • , giv, , • • • , %) and let = B^g^ ^ ic^,...,(4,^^,...,/3'^). 
The vector is a real centred Gaussian vector of covariance matrix : 



Definition 3.5. Set 



n=0 n=l 

The map (py defines a measure fiy on E^. 
Proposition 3.6. Let < s < ^. The sequence <Py converges in L^{Q.,H^). Its limit is called ipy 

Hi.) 



and induces a measure on called /iy. Besides, calling Ey the mean value wrt jUy, £'y(||M||^2) 



uniformly (in V) bounded. 

Proof. Let N > M > 0. The norm of (p^ - tpy is such that : 

N ,M,,2 _ i7/||,„A' ,„M||2 



f N M \ 

= E 



Vn=M+l n=0 

The first sum corresponds to the trace: 



Tr{i\-TiM)H'B*^Bf,H\\-T[M)) = Tr{i\ -IIm)H'-^YIi,{\ + W^^^'^Niy + V)-^'^H'-\\ -YIm)} 

= rr((i - nM)^^^'"^^niv(i + v)-^'^^n{^ + vy^'^) 
< Tr({\ - UmW^^'-'^) ||n^(i + y)-i/2n^(i + vy'i^ 

<4 y ^ 

which goes to when M — > oo. 
The second is : 

TriliMH^BN - BMYiBj, - BuW^m) = 

Tr(UMH'-\(i + y)-i/2(n;v - nM)(i + y)-i/'nM)//'-'nM) 

since H~^,IIn and 11^ commute. 

Then, use the fact that IIm = (Hm - 11^/2) + 11^/2 to get that the trace is less than : 
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11(1 + vr'%2Tr{{UN - Um/2)h^'-'-'^) + rr(nM/2((i + vr"\nN - Um){1 + vr"^UM/2)) . 

The first trace is less than 

which goes to when M ^ oo, the second is less than the sum to the square of the Fourier 
coefficients of (1 + V)"^^^ of wavelengths bigger than M/2. Indeed, if g e E^^'^ and h e Em then 
hg e Em/2+1- As (1 + V)~^^^ is C\ the series of its Fourier coefficients is absolutely convergent 
and thus the sum of its Fourier coefficients of wavelengths bigger than M/2 goes to when M 
goes to oo. 

So, the sequence (py is a Cauchy sequence in L^(n, H^), hence it converges toward a certain 
ifv in H\ 

What is more, 

EviWuWl,) = E(\\,pv\\l2) < 4 J] . 

□ 

Example 3.7. The covariance between two waves is given by E{a^ a^) or the mean value of any 
combination of and with A:, / = n or m. In particular, 

2N+1 

E(a^a^) = (BivS^)n,m = J] m,k 

- y T^iCnCk, (1 + V)-"^}{c^Ck, (1 + V)-"^) + y --^{CnSk, (1 + V)-"^}{s„Ck, (1 + V)-''^} 

which involves k bigger than \n - m\/2 or Fourier coefficients of (1 + V)"^^^ of wavelengths bigger 
than \n-m\/2. So, the dependence between two waves decreases quite quickly when the difference 
between the wavelengths increases. 

Remark that as (1 + V)~^ - since V is small, then, for n m, E(a^a^) has no zero 

order in V, it is at least as small as V itself. 



3.2 Perturbation of the flow 

Now, there is an equation whose flow is invariant under the perturbed measure. In finite dimen- 
sional approximation, the linear operator (l-d^) is replaced by (the matrix that appears 
in the law of as Tlf^(l - 81)11^ was the matrix that appeared in the law of g'^) on E^ and 
(1 - niv)(l - dl)(l - Un) on its orthogonal. 

Definition 3.8. Let be the operator on E^ whose matrix is (B^')*S^^ in the basis 

[co,...,cn, Si,...,Sn} 

and Vn the operator n^v Vl + VU^ on E^ such that = Vn(1 - SIWn. 
On Eq, the law of iJ.y is given by : 
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where 

is a normalization factor. 

Remark 3.2. T/ie operator Vn has an inverse on and satisfies for all s, N,V,u e : 

WnuWh^ < 2\\u\\h^ and \\V]^^u\\hs < 4||m||//. . 
Proof. Call In the identity of E^ and remark that 

ll(y;v - InMh^ < \\Un VTTy - i^uWh^ 

and that 



lin^vVTTy- iil^ < . " ','1, < V2||y||o 
VI ■ 



so 



and 



WnuWh^ < 



1 + — 

2 



\u\\h' < 2\\u\\hs 



\\V],U\h^ < ^-^\\u\\h^ < 4\\u\\h^ 

1 - a/2/2 



Proposition 3.9. The equation 



dtWNU + VmSAVnu + n^v^) = 
|f=o ^uoeE^ 



u 



N 



(7) 



admits a unique global solution u(t) - 0y (0(mo) and 

Evit) ^^J u{t)WNU{t) 
is invariant under this flow, it does not depend on time t. 

Proof The existence and uniqueness of the local flow is given by Cauchy-Lipschitz theorem, as 
and the derivation of Ey gives 



r r ( 

Ev = I udt{WNU{t)) = - I uVNdx{VNU + UN- 



) 
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since Wn and Vn are self-adjoint and dt and Wn commute. 

What is more, as \\V\\co < 1/2, Wn is strictly positive, then ^fEv is a norm on equivalent 
to all other norms on E^, so the flow is global. □ 

Proposition 3.10. The measure jUy is invariant under (py. 

To prove this proposition, Liouville's theorem is used and so it is required to give the equation 
^ its Hamiltonian form. 

Lemma 3.11. The equation ((71) admits a Hamiltonian formulation. 
Proof. Call //V the operator on E'^ : 

Jn = W],WNd,V]^' = V-^'H-^d,V-^' . 

This operator is antisymmetric, since Vf^ and H are self-adjoint, dx is antisymmetric and H 
and dx commute. 

The equation (|7]l can be written : 

dtu + Jn {v^u + VnUn^^^^ = . 
Writing u = ^ i:^=-iv '^ne'"'' and (Vn)] = j e-'^'^VNie'^ = VTTv, call 

H{u-N, . . ., un) = Hi + H2 



with 



and 



with 



^1 = ^ J {VNuf and //2 - J^J (Vnu) 



F"{u-N, ■ ■ . , un) - F" + F2 



)u ana t'j^ = | e VjviiA 

yTjT J 

The function Hi can be rewritten : 



k+l=0 n,m=-N 

SO its complex derivative wrt m„ is : 

N 



^1 = ^ ^ Mk\<N'^\l\<N{yN)ni^N)m^nUn 



dH\ 7 



k+l=0 m=-N 
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As Vn is self-adjoint : {V^fn - (^iv)t- As Vn and u are real, (Vat)^ = (Va?)_^ and hlffl — li—jji SO 



" k,m=-N 



or 



therefore Fi - V^u = VHi. The function H2 can be rewritten 

N 

" y=0 n,m,y=-N 

SO its complex derivative wrt m„ is : 

dH 1 

" k+l+j=Om,y=-N 



1 ^ 



1 

"I Z Z (M(^w)m(^w).v'«" 

/:+/+ _/=0 m,y=~N 



k+l+ j=0 k+l+j=0 

Therfore, the equation (|7]) is written : 

dtu = -Jn^uH 

it has a Hamiltonian form. □ 

Proof of the Proposition 13.101 

Proof. The equation being Hamiltonian, the Lebesgue measure on E^, that is, n da^dbn when 
u e E^ is written ooCq + Z^^j a^Cn + Z?„5„ is invariant through its flow (f>y, see the proof of 
proposition (12.71 ). 

Then, the measure fiy is given by 

N 



dfi^iu) = d'^e-^''^^"daQ [~[ dundbn 



with dy a normalisation factor that depends only on the eigenvalues of Wn and thus does not 
depend on time. What is more 



Ev = I cf>^{t)uoWN(l>vit)uo 



does not either depend on time. So the measure lUy is invariant through the flow of the equation 
©. □ 
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Definition 3.12. Let the measure on defined as /iy ® /im+i- 
Proposition 3.13. The equation 

I dtdi - iin)h\\ - Hn) + Wn)u + d,{\ - nN)u + v„d, {vnu + = o 

\ u\,=o ^ UQeL^ 

admits a unique global solution il/y(t){uQ). 
What is more, Vy is invariant under ifjy. 

Proof. If u is decomposed as m = v + w = li^u + (1 - IiN)u then the equation ([8]l is equivalent to 



(8) 



and 



dfH^w + dxW = with Wt=o = (1 - ^n)uq 



dtW^v + VnQx I Vnv + IIn ^^^^^ I with Vt=o = ^nUq ■ 



Hence the flow ifry(t) = (pyit) + S(t) globally exists and is unique and the measures of the 



Cartesian products are invariant under the flow, so the measure Vy is invariant for all measurable 



sets. □ 
3.3 Properties of the new measure 

In order to prove the invariance of the perturbed measure under the infinite dimensional perturbed 
flow, first estimate the measure of some compact sets in (the same as for yu). The proof of the 
following proposition is greatly ressembling what have been done by Tzvetkov in [18J. 

Proposition 3.14. Let U be an open set ofL^. The measures ofU satisfy : 

HviU) < liminf y^(f/) 

Proof. Let 



— N N N 

(fy ^ (fiy + (fi - (fi^ . 

This sequence converges in and thus almost surely in co toward (fy. Indeed, 

E{\\v>v - ^vWli) ^ C [EiWipv - VvWli) + m<P - 'PoWli)) -^N^oo . 

Let Z be the set included in O such that Ipy converges. 
Let 

A - {oj e Z I (fvico) € [/) - {(pvr\U) n Z 



As P(Z) = 1, 



A'' = {coeZ\ ^^{oj) eU} = i^^T^U) n Z 



^y(U) - P{A) and v^{U) = P(A^) 
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If oj e A, as U is open, there exists e > such that <pv(oj) + Q U. Then, there exists Nq, 
such that for all > Nq, 



as the sequence (p^ converges toward (pv in L^. So, for all A'^ > A^o^ 

(o e Uminf 
A c Uminf . 

Hence, thanks to Fatou lemma, 

HviU) = P(A) < P(Uminf A^) < liminf P(A^) = liminf y^(f/) . 

□ 

The same property also holds for the fiy : 
Proposition 3.15. Let U be an open set of I?. The measures of U satisfy : 

HviU) < liminf /i^(i7 n E^) . 

Proof. The proof is very similar to the one above. It uses the convergence of the (py toward (fy. o 

Proposition 3.16. Let s e [0, There exists C,c two constants such that for all R > 0, the 
measure of the complementary of the closed ball in of radius R satisfies : 

Proposition 3.17. There exist C, c two constants such that for all Nq ef<l and R> : 

M{uo I 11(1 - TIn,)uo\\l2 > R}) < Ce-'"'"' . 

The proofs of the previous propositions are very similar, hence they shall be proved in parallel. 
For this, the following lemma should prove itself useful. 

Lemma 3.18. Let (a„)„gz such that < oo. Then 

N ^ 

P(\a^ao + J] a^a„ +^^a-„\ > A) < le'''"-" '^^^ . 

n=l 

2 

Proof If = then the inequaUty is satisfied. Else, for all t > 0, 

n=l 
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7V^f<a",BA,;^)^-<x",x~)/2 



Compute this average. 

where is of size 2N + 1 . So, 

Then, 6jv corresponds to the operator 11^(1 + V)~^^^H~^IIn so, writing uq - ao and for all 
n > 0, 



_ a„ - la-n _ Un + la-n 



such that : 



and 



S^a^ corresponds to 



(l + \/)-i/2 = 2y„g'«^, 



Vl + «2 



■k\<N 



\ k 
1|«I<W — 



/D* iV D* Af\ Y'' '-\n\<N jj T, — 1 1 

<«^a ,tSj^a }- > TVkiVk2Un-kiUn-k2'^\n-ki\<N^\n-k2\<N 

I + n 



n,ki Jc2 

Then, use that for all n and all A: 

1 



\Un-ki\ \Un-ki\ \Un-k2\ 



Vl Vl +n2 Vl +n2 
V2(l + 



Vl +n2 yi + (n - A:)2 



I 



~ ^ 1 + n2 Zj 1 + „2 



<s>^,s>^) < J] ^ 2] ini ^J2(^Tm 

n \ k 



\2 



Now, as V is and its norm ||y||oc, < 1/2, (1 + V)'^'^ is also so the sum : 
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xl/2 



k \ k / 

converges and is bounded uniformly in V. 

n 



n=l 



With / = 



CZ(a2/(l+„2))' 



and with the same kind of arguments, 



SO 



n=l 



N 



n=l 



Lemma 3.19. There exists C\ such that for all q>\, and all sequence an and all N, 



Proof. 



n=l \ n 



llaot^ + J]anc^ + a_X ll^. = j qA"'' P(\c^ co + J] c^a„ +^a-n\ > A)dA 

n=l n=\ 



By a change a variable y - —==^^=, 



N 



n=l 



ci(l +n^) 



qy'^-'e-y-^^dy 



Mq 
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For all ^ e [1,3], 



If ^ > 3 



J qy^-'e-y'l^dy^q{q-2) j 



With K = r^l, and by recurrence, 



K— 1 

r qy^i-'e-y^'^dy = fliq - 2k){q - 2K) f 
^ k=0 ^ 



^"-'e-y'l^dy 



< q'^Ci < q^'^C'^ 



asq-2Ke [1,3]. 



N 



11=1 



{an? V 



(1 + n^) 



Proof of the propositions (I3.16I) . (I3.17I) . 
Proof. For all q>l. 



4{{B'^r n <) = P{\\^''y{oj)\\H-^ >R) = P(||//VyMllL2 > R) 



thanks to Minkowski inequality. 
Similarly, 



4i{uo 1 11(1 - n;vo)«ollL^ > R}) < R-m - ^No)'Pv\\li^i ■ 



so 



||//Vy(^)llL?, ^ 



C\q 



4j (1 + „2) 



2\l-i 



m'4{x)\\,.^,l< yC,q\l^Y.^V^ 
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2^ 



2Ci 



and 

ll(i-n^>X?.c^ Jci^Ztt;^ 

As J < 5, 1 - J > ^ SO the series converges, 
where C2 depends on s but not on A^. 

Also, 

J\qK 

For /? < y/2eC2, see that with c - 

n < 1 < e'l^-'"" = C^-'^^' 
and if 7? > ^/2eC2, by replacing ^ with ^ > 2, 

hence, for all R and all A'^ 



?/2 



With the same kind of arguments, 

4({uo I 11(1 - Un,)uo\\l2 > R}) < C^"^~"'' . 
Now see that is closed in L? so (B^j^Y and {mq | ||(1 - Hf^g)uo\\L2 > R} are open in L^, 

Aiy((S^)0) < liminf n < Ce^^«' 

and 



Mviim I 11(1 - niVo)MollL2 > < Ce" 



4 Convergence of the flows 

To study the invariance of the perturbed measure, the property of local uniform convergence of the 
"finite dimensional" flows on compacts is needed. 
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4.1 Properties of the finite dimensional operators 

First, investigate on the different operators involved. 

Lemma 4.1. Let s < ^ and si > 0. Let K be the operator defined as : 

There exists C such that for all u, v in L^ and g a linear operator defined on L^ such that 
\\g\\ sup y l^:;! = sup y \^ fe-'"'gie'm 
is finite, and for all N > 1, 

L \\K(g(uv)\\Hs < C\\g\\ \\u\\l2\\v\\l2, 

2. ifu,vare inW\ \\K{g{\ - YiN)uv) < CN-^gW \\u\\H'i\\v\\Hn . 
Proof. Write 



1 

i(x) = — = > , 



UkC 



ikx 



and 



Vke 



ikx 



their Fourier series. As uv belongs to L\ 



1 

V2^ 



uk-m 



Jkx 



meZ keZ /eZ 

Now, give an upper bound of the n-th Fourier coefficient c„ of g{uv), 
Reversing the sums over k and I gives : 



\c„\<Y,\vi\Yj\sl\ \uk- 



and by a Cauchy-Schwartz inequality 



( ( 



\Cn\ < I|v|Il2 



Z Z i^^i 



1/2 



Now 



( f 

/ V ^ / l,ki,k2 
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Use Cauchy-Schwartz inequality a second time to get : 



^ \Ukl-l\\Uk2-l\ ^ M 



so 



but 



< \\g\? 



hence the result. Indeed, 



\\K{g{uv))\\H^ = 



\ k } 



All 



and the series converges. 

For the third one, ci the A:-th Fourier coefficient of - niv)(Mv)) is given by 

Ck - ^gmMm\>NUm-lVl . 
l,m 

See that if \m\ > N then or \m-l\> N/2, or |/| > N/2, so l|m|>Af ^ hm-l\>N/2 + l|/|>JV/2 and 

\Ck\ ^ ^ \8m\hm-l\>N/2\Um-l\\vi\ + |1|/|>W/2|V/| . 

Estimate the second sum as the two of them are symmetrical. 



XlgMll"m-/|l|/|>A^/2|v;|<||(l-nA,/2)v|lz.2 ^ 2 
l,m \ I \ m 

< (N/2r^\v\\Hn\\uh2\\g\\ < (N/2r^\v\\Hn\\u\\Hn\\g\\ 



2n1/2 



Hence the result. 



Definition 4.2. Let W = ^fTTVH^ ^^TTv and D = W-\l + vy'^djcil + vy'^ = il + Vr^'^K(l + 
Call also Dn = V'^KVn and Kn = n^v^TnAr. 

Lemma 4.3. Let s < 1/2. The operators D and Dj^ are defined and continuous from to Lr and 
there exists C such that for all V, N : 

1. for all u,ve L\ \\Kn{uv)\\h-^ < C||M|lz.2||v||i2, 
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2. for all u,veL^, \\DNV-\UN(uvmH' < C\\u\\l2 \\v\\l2, 

3. for all ueH',teR, \\e-"^'^u\\i2 < e'\%\\H^, 

4. for all u,veL\ \\D{{\ + Vr^'^uv)\\H-' < C\\u\\l2 \\v\\l2, 

5. for all ueH',teR, \\e-"^u\\H^ < e'^^^ulln'. 

Proof The first, second and fourth inequahties are consequences of the previous lemma with 
g = IIn or g = Id [2, using the fact that the norms of the operators Vjv> V^^, (1 + V)" are uniformly 
bounded in V and N. 

To obtain the third or the fifth one, observe that 

Dff = V^^KVn and £) = (1 + V)~^'^K(\ + V)^'^ 

so the norm of Dj^/ as an operator is uniformly bounded in V and A^. 

The main problem is that or D are not antisymmetric, so e^'^^ or e~"^ can not be an 
isometry. Nevertheless setting f{t) - |k~'^"M||//s and using Gronwall lemma, as 

f(t)< f \\Di,e-''''''u\\H^dt' <c f f(t')dt' 
Jt'=0 Jo 

fit) < /(0)e<^W = llMll^.e*! . 

□ 

4.2 Local existence and convergence of the finite dimensional perturbed flows 

Show now the local well posedness of the perturbed equations and the uniform convergence of the 
2N + I dimensional solutions toward the infinite dimensional one on compact sets. 

Definition 4.4. Let uq e and Ay and Ay be defined on as 

Jo 2 

and 

Jo 2 

Proposition 4.5. There exists C independent from uq e and N such that for all T < I, u,v e X^, 
s < 1/2, 

1. IIA>)||x^ <c(||Moll//' + r|Mli.), 

2. \\Av(u)\\x^^<c{\\uo\\H^ + T\\u\\l?j, 

3. \\A^(u) - A>)||z^ < CT (iImIIz^ + ||v||z^) \\u - v||zj, 

4. \\Ay(u)-Av(v)\y^ < Cr (IImIIx^ + ||v||z^) \\u - v||z^. 
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Proof. Write A^{u) ^ I + II + III with 



and 



Jo 2 



< 11(1 - Un)uo\\h' < WuoWh' 



2 \l/2 



But, as 



2 \l/2 



< C\\VnUnu(s)\\1, < C||m||2, 



< CT\\u\\l. 



I|2 

SO 



< C(\\uo\\h' + rilMlliO 



The same proof holds for (2). 

For (3) and (4), compute A^(u) - A^(v) : 



A';(m)-A';(v) = ^ '"^''DnV/Un ds 



Jo 



„-a-.)DiV 7. x.-lrT (Viyn^vCM + v)XVjvnft,(M - V)) 



Hence, with the same computation as before for ///: 

||A^(m) - A>)||x^ < CT\\u + vIIx^IIm - v||z^ < Cr(||M||x^ + ||v||x^) \\u - v||x^ 
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Proposition 4.6. Let R > 0, and < s < 1/2, there exists Cg such that for all mq ^ the flows 
o/dH) and ipv of: 

I 5, ((1 + v)"\i - dl){i + y)i/2) u + {\ + vyi^d, ((1 + vfi^u + «i±ipi): j ^ 

m|,=o = Uq 

are defined for t e [-T, T] with T = ■^^r^ cind satisfy 

l|(Ai/("())llx^ , II'Av(mo)IIz^ < 2CsR . 
Proof For all uq e and m, v € with ||v||zj, < 2C,R, 

\\Av(u)\\x-^,\K(u)\\x^ < CAR + T{2C,Rf) < 2C,R 

and 

WAviu) - Av{v)\\x^ , \\A^{u) - A^{v)\\x^^ < C,(4C,/?)r||M - v||xj - h\u - v\\x-^ 



so both Ay and Ay have a unique fix point in the ball of radius 2CsR in X^. □ 

As for BBM, there is a property of uniform convergence on compacts : 

Lemma 4.7. Let e > and R > 0. There exists Nq €l<l such that for all uq € B^, for all N > Nq, 
and T < ^r^, 

Mv{uq) - iAv("o)llzo ^ f • 
Proof. Let u = if/viuo) and u'^ = if/yiuo), 

\\u - M^llz^ = WAviu) - A^{u'')\\xo = \\I + 11 + III + IV + V\\j,o 

with 

I = (\-UN)S{t)Uo 

Il^ie-'" -e-''''^)uo 
III = J' {e<'-^^''D(l + Vy"^ - e-^'-''>''^D!,V-^'UM) ^SllDp^ds , 

and 



Jo 



First, remark that 
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\\(D - DN)iuv)\k2 < C,N-'\\u\\hA\v\\h^ . 
Indeed, D - can be written, 

+y^i*r(i-n;v)(i + v)i/2(i-n;v) 

As operators, the multiplication by (l + V)^^^ and VV are quite close. Computing the difference 
between their inverse gives 



11(1 + y)-i/2 _ v^%.^L^ < 111 - n^ii^^.^^2 1 + 2 fciKi + y)-i/2 - 

k 



\ 

< CN-' 



as 11(1 + Vy'l^ - IWh'^w < 11(1 + Vy'l^ - 1||l» < ^. 
Therefore, it appears that : 

II ((1 + y)-i/2 _ y-i)^:(l + V)'l\uv)\\ < CN-'\\K{\ + V)'I\uv)\\h^ 

and as 2,,, 1(1 + V)^^^|^ - 1(1 + ^)^^^ln-m is the sum of the Fourier coefficients of Vl + V which 
is with a uniform bound on its second derivative, it comes that 

||*:(1 + Vfl\uv)\\H^ < C,||M||i2|Mli2 < C,||m||h.||v||h» 
with Cs a constant that does neither depend on nor on V : 

II ((1 + v)-i/2 _ V-^')K{\ + V)''\uv)\\ < C,A^-1|M||H..||v|b. . 

As the norm of Vjv as an operator from to is bounded uniformly in V and K and IIjv 
commute, 

l|y^i^:((i -n^)(i + vy'^)\\Hs < c||*:((i -n^vXi + vy'^)(uv)\\H^ 

< C,N--mil + V)''U\Ml2 < C.A^'-^ll"ll//'l|v||//.' . 
The same goes for V'^Kil - Un)(1 + V)^'Hl - Un) as the sum of the Fourier coeffocients of 
(1 + V)^^'^ are uniformly bounded in V so 

||(D-D;v)(Mv)||^2 <C,iV-^INIff.||v||//^ . 
After what the / and // are less than C^N'^R, III and IV are less than CsN~'R^ and V by 

V < CsTR\\u - u^W^^ . 

Indeed, 

||//||;^ < r||(D - D^ye-'^uoWL^ + T\\DnII\\^^ 

< CTN-'WuoWh^ + CTim^o 
so for T small enough, T < the uniform convergence is satisfied. □ 
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4.3 Invariance of the perturbed measure under the perturbed flow 

Show now that the perturbed measure is invariant trough the perturbed flow. For that, the tech- 
niques used are basically the same as in the first section, in particular regarding the local invariance. 

Lemma 4.8. Let s e]0, ^ [ and R > 0. Let Abe a measurable set ofL^ included in S^. Let T = 
with C depending on s big enough , for all t e {-T, T], 

Hiijjvm) = y"(A) . 

Proof. Use the invariance of through i^y, the uniform convergence of tfry toward ^y, the uni- 
form continuity of the flows ij/y and tj/v and the fact that for all open set U : 

HviU) < hminf y^(f/) . 
Indeed, if A is closed, as A + is open (the B' denotes the open ball in L^) : 

luv{^v(t){A + B'^)) < fiv(^v{t)(A) + B'c,) < lim inf <(^^v(/)A + B'^,) 
Then, use that \l/v{t)A c ^^(?)A + B'^ above a certain A^. 

Hvi'^vim + S;)) < liminf y^((A^(?)AS'c,) < Um sup y^(<a)A + Bce) 
and as the flow is locally continuous in L^, 

+ B'J) < Umsup<(<(0(A + Bc'e)) 

and as invariant through ij/y, 

M^vitXA + S;)) < lim sup y^(A + Bce) < Hv{A + Bce) 
and by DCT when e goes to 0, 

Hv{ilfv{t){A)) < nv{A) . 
For the reverse inequality, consider that above a certain A^, \l/^{t)A c \l/v{t)A + B'^, so 

Hv{A + S;) < liminf y^(A + B'^) < liminf y^(^/^a)A + B'^^) 

Hv{A + B'^) < hminf y^(^i'y(?)A + S^'e) ^ hm sup y^(i^y(?)A + Bce) < Mv(^v(t)A + Bce) 
and by DCT when e goes to 0, as A is closed and thus il/{t)A = (^(-/))~^A is closed too: 

yUy(A) < Hv(Ht)A) . 

Hence the lemma is true for closed sets. For all the measurable sets, see that is closed in L^ 
so the property passes to the complementary and the countable unions thanks to the uniqueness of 
the local flow. □ 

Then, define the sets where the solution exists globally in time in quite the same way as in the 
first section. 
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Definition 4.9. Let /? > 1 and /?„ = y/n+lR for n > and t„ = for n > 1, r„ = I^^^j 

Call 



and then 



neZ 



Ay(/?) = limsupA^(/?) 



and even 



Ay = y Ay(M) 



M>2 

Proposition 4.10. The setAyiR) is such that its complementary satisfies : 

Hv{Av{Rf) < Ce-"'^^ 

and thus 

MA'y) = . 

Proof. Consider the sets restricted to the oj such that (py converges in W, given that the sequence 
converges in L^(Q, and thus almost surely. 
It appears that 

/iy(A^„(/?)^) < ;U^(0^(r„)-l(S£)^) 
and Hy is invariant through the flow (py so 

/iy(A^„(/?)') < 2^4{B'^) < Ce-^^« < Ce-^("+i)^' . 



Then, 



/iy(A^^„) < liminf ^y(A^„(/?)0 < Ce-'^^*^^"' 



and 



n>l 



yLv{Ay{Kf) < liminf /iy(A{^(/?)) < Ce"*^^ 
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MA'y) = 



Proposition 4.11. The flow ij/y unique and globally defined as long as the initial data is taken 
in Ay and the measure /ly is invariant through this flow. 

Proof. As it happens, the proof is roughly the same as in (I2.15I ). It uses however the fact that 
(Py + ifN+i converges almost surely toward ipy. Indeed, to study the convergence in //^ at the times 
r„ — > CX3, see that 

l/^v(Tn){(pv(0j)) 

is the limit when A/^ — > cx) of 
as 



= il/v{T„){(fiv{oj)) - tpy{(pv{aj)) + ilfy{(pv{co)) - il/y{(Py{co) + (fN+iio))) + S (0^w+i(a>) 
and as i//y{Tn) is continuous the sequence converges in H\ □ 

5 Evolution of characteristic functional 

The statistics fiy are not too much changed by the flow of the original BBM equation. Though, to 
investigate about those changes, build the characteristic functional of tfr{t)(jj.v). Estimations on the 
characteristic functional seem relevant, in the sense that they contain all the information about 
the image measure, and they give precise estimates regarding the small parameter V. 

5.1 Definition of the generating functionals 

Introduce now the definition of the generating functionals. 

Definition 5.1. Let A e L? and let (A, u) the scalar product in of u and A. Call then Zv{A) the 
quantity : 

Zv(^) = £v(/'^'">) 

where Ey denotes the average over jiy. 

Remark 5.1. This fimctional is the characteristic fiinction of/uy 
When V is equal to 0, this functional is equal to 

Z.v=o{A) - e « ' 
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adopting the convention 

( . . . 



CO? + ^y, -r^^-^, Cnf + {A, Snf) 

2n In ^—^ I + n^ 

When V is different from 0, 

Introduce now the generating functional monitoring the behaviour of the BBM flow. 
Definition 5.2. Let Zv{t, A) be the quantity : 

Zv(f, /I) . 

Remark 5.2. First, see that if ip is replaced by if/y, this quantity remains the same in time, as fiy 
is invariant through iffy and t//y{t) is almost surely defined. 

Then, it is sufficient to study the interaction between the different waves since the covariance 
between two modes is given by the behaviour ofZ as : 

Ev{{l]Jv{t)U(),Cn){lpv{t)UQ,Cn)) = -D^ZU=o(c„)(Cm) ■ 

where the right hand term is the second order differential of Z at the point A = under the 
directions c„ and c,n. And those quantities are well defined. 

5.2 Closeness of the flows 

First, prove the global existence of the BBM and the perturbed flow, as in 121, along with some 
useful estimates. 

Definition 5.3. For all mq £ and T € R call 

1 



N{UQ, T) = mm{N € N | ||(1 - < 



C{l + \T\)- 

where C is the constant involved in the local well posedness of the BBM and the perturbed 
flow. 

Proposition 5.4. Let s €]0, ^[ and cr e]^, 1]. There exists C such that for all uq e H\ the flows if/ 
and ipv ore globally defined in L^, and for all T e R, 

mt)uo\y , Wv(t)uo\\L2 < C + CN{uo,Tf*''-^'^'%o\\H^ . 

Proof. Fix r e R and let vq = (1 - IlNg)uo and wq = Ilf^^UQ. Thanks to LWP, (ACO^o and iJ/v{t)vo 
are defined in [-T, T] in and they satisfy 

C 

mt>o\\xo , ll(Av(Ovollx« ^ C||vo|li2 < 



1 + m 

Call V = ifr{t)vo and vy = i/'y(Ovo. Consider now the equations 

,,2 

a2N 



5,(1 -5^)W = -<9.v|w + VW + y I (10) 
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and 



^tWw^, = -(1 + V)'^^<9.v 1^(1 + Vy^wv + (1 + V)wvvv + (1 + . (11) 

Those equations are well posed in as long as v and vy exist and have a priori bounds. 
Indeed, calling 

m - iiw(oii//Hiw(oiiffi and/y(o - \\w,mH'r\\wM)\y 

it comes that for t € [-T,T], 

/(o < iKoii' 1 < I r rv(5,w)wi < iMi^o r ihi^.ihil» 

Jo Jx ^ Jo 

and thanks to Sobolev embedding theorem (cr > 1 /2) 

/(o<iiviixo r m 

^ Jo 

also, with C a constant independent from V, 

fvit) < 2 r r WyWwy < Cllwll;^ r /v(0 . 
Jo Jx ^ Jo 

Since wq is in H^, the equations (fTOl) and (fTTI ) are well posed on [-T, T] with initial datum wq 

and 

fit), fvit) < e"- ^^m\\wo\\Hi\\wo\\H- ■ 

Now, it appears that 

llwollffi < A^(Mo, T)'-'\\uo\\h-^ and ||woll//- < A^(mo, Tf-'WuoWls 

so 

< CN{uo,T)'^''-^'\\uo\\h. ■ 

The functions u = v + w and = vy + wy are solution respectively of the BBM and the 
perturbed flow with initial datum uq and 

MT)h2 < M^o + \\w{T)\\l2 < + f{t)"^ <C + CN^'^'^-^'^IHuqWh^ 

so 

□ 

Proposition 5.5. Let s e [0, ^[ and cr e]^, 1]. There exist C such that for all uq € and T e R, 

where N - N{uq, T) has been defined at the beginning of the subsection, by definition 
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Proof. First, compute \\{K - D){uv)\\i2 for all u,v e 

K-D = {l-{l + Vy^l^)K + (1 + V)^I'^K{1 - (1 + V)^'^) . 

As 11(1 + _ i||^„ < c||y||oo and ||(1 + Vf'^ - 1||l~ < C||y||oo, the following result is 

ensured : for all u,v e L^, 

\\(K - D)(uv)h2 < C\\V\Uu\\l^ \\v\\l2 . 
Then, let v e and git) = We'^^v - e'^^vWii, then 

g'it) - \\{K - D)e-"'v + Die-^'v - e-"'v)\\L2 < \\K - DM\v\\l2 + ||£>||og(/) 

g(0<g(0) + ||^-D||ol|v||i2kkW» 

and g(0) = 0. So, the following inequality applies : there exist C, c two constants such for all 
V e L^, all V e C\ and all t e R, 

\\e-"'v-e-'U\L^<C\\VU\vh2e'^'^ . 

Write 

r' t (1 + V)l/2„2 (■^) 

My = ^iry(?)Mo = e~"^uo + e^'~*^°D — - — ds 

Jo 2 

and 

-tK ^ r (s-t)K^ i^'yS)UQf{s) ^ 

u - il/{t)uQ - e uq+ \ e- ' K as . 

Jo 2 

Let now 

fit) = \\UV - U\\i2 



fit) < \\e-'^uo - e'"'uoh2 + || ^.(-OZ)^£lZ^^ _ ||,, 
The integral term is less than: 

+ II j; (,(.-o^j) (i^^)';4w _ ,(.-o^;^ (i-^;^^4(^) j 11^^ ^^^^ 

+ II (,(.v-o/r^f^ _ 11^. /y) 

Estimate now the different terms. For all t e [-T, T], 

/ < J^'c||y|ui|D( ^^ ^ ^^'^^'^"^^'^'^ -i'--i|bJ. < cyyiud + A^i^-2^||Moll^.>^''' 
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As K is antisymmetric, e'^ is isometric in L"' so : 



Jo 



\\(D - K) I I lli^^^ ^ C\\VUt\(l + N'^'^-^'WuoWl.) 



n < c||y||oo(i + A^^^'^-^'llMollff.k'"' 



\\\K ^—WA < C||y||ooW(l +Ar'^'"-^^||Mo||^,) 

/// < ci|y||oo(i +iv^^'"-2'i|MollH.>''" 



IV < { c\\u{s) + uv{s)\yMs) - uv(.s)\y < c(i + a^(^+"-2^)/'i|moII//0 r mds . 

Jo Jo 
To sum up, for all t e [-T, T], f(t) is less than : 

m < C||V|U(||moIIl2 + 1 +A^^+"-2^||Moll|.)e'"' +C(1 +A^(i+'^-2^>/2||^^ll^^) ^^^^^^^ 



so 



fit) < C\\V\U{\\uo\y + 1 +iVi— 2^||«olli.)e'^^^^^"^"""'""«"-^l'l . 

□ 

5.3 Evolution of the perturbed statistics 

Now see that the law of i//(t)uo is not too different from the law of mq. For this use the generating 
functional 

Zv{A,t) = Evie'^^''''^'^"°)) 
and prove that it is quite close to its initial data. 

Theorem 5.6. Let e e]0, There exists C, c such that for all V eC^ with ||V|U < \> all A e L^, 
and allteR, 

\ZviA,t)-ZviAM < C\\V\U\A\\L2e'^'^"''' . 

Remark 5.3. The function x i-> e'^ used in the generating functional could have been replaced by 
any function f whose derivative is bounded. 
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Proof. First using the invariance of the measure //y through the flow \pv, it comes that for all f e R, 



SO 



\Zv{A, t) - ZviA, 0)1 - \Ev [e'<^''f'^''>"°^ - e'<^.^W"o>) | . 

It appears then that 

\ZviA, t) - ZviA, 0)1 < Ev {\{A, (A(0"o - <Av(0"o>l) < ||/l|lL2£y(||(A(0"o - iAvCOmoIIlO ■ 

As e < ^, one can take s in j[ and cr = 2s - e > ^ such that \ +o--2s-\-e. Apply 
then the proposition (15.51 ) with such cr and s : 



,c(l+/V<i-^)/2||«olltfO 



\ZviA,t)-ZviA,0)\ < C\\A\\l2\\V\\o.Ev{(1 + N'-'\\uo\\% + \\uoh2)e' 

< C\\A\y\\V\U'^'^Ev{il+N'-'^\\uo\\l. + ||moIIl2)^''^^*'"''"""°""''") • 

Remember that A'^ = N{uo, \t\) is the smallest integer such that the solutions of BBM and of the 
perturbed BBM ai^e given by local well posedness on [-\t\, \t\] with initial datum (1 - II]m)uq. 
Using that N'^~'^'^uo\\h' < N^'"'^ + ||mo||^"/ the mean value : 

Ev{{l+N^*'^-^'\\uo\\% + IImoIIl^K^""'"""""'''"') < V7TT2V//.1 //.2V///.1 III. 2 

with 

7.1 = £y(e2^""»lfc'l'l),//-l = Evi\\uo\\jj.e^'^^"<'''\lII.l = Evi\\uo\\l,e^'^^"<'^'^'^) 

and 

7.2 - 777.2 - £y(e2^^'"^"l'l),77.2 = £y(A^2-2.^2.ivi-/^|.|) _ 
First, remember that there exists c' > and C such that 

//y({"olll"oll//'>/?))<C'e-'^''' 

I. \, 1 1. \, 1 1 1. 1 < Cee"'^"'''' . 
Then, 

P{N > No) - fiv[{uo I 11(1 - U!,^)uo\\l2 > c(l\\t\) ^) - 

so 

7.2,77.2,777.2 < C,e''^'^""' . 



so 
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Since e < 5, it appears that | - 3 > |, so in the end , ther exist two constants C^, such that 

\Zv{X,t)-Zv{XM < CMWtmUe'^^'^"'' . 

n 

Remark 5.4. The averages of the products of the amplitudes admit the same kind of estimates. 
For instance, calling 

it appears that 

\(4)nAt) - (4)nA0)\ < c;i|y|Ue^^i'i'"' 

only with different constants. 

Acknowledgements 

This work is supported by part by the ERC project Dispeq. It is also a part of a PhD thesis under 
the supervision of Nikolay Tzvetkov. 

We would like to thank Baptiste Billaud for his valuable help and insight regarding the physics 
of wave turbulence. 

References 

[1] A.M. Balk and V.E. Zakharov, Stability of weak-turbulence Kolmogorov spectra, Amer. 
Math. Soc. Trans. 182 (1998), 31-81. 

[2] J.L. Bona and N. Tzvetkov, Sharp well-posedness results for the BBM equation. Discrete 
and Continuous Dynamical Systems 23 (2009), no. 4, 1241-1252. 

[3] J. Bourgain, Periodic nonlinear Schrddinger equation and invariant measures. Comm. Math. 
Phys. 166 (1994), 1-26. 

[4] R. Brout and I. Prigogine, Physica 22 (1956), 621-636. 

[5] N. Burq, L. Thomann, and N. Tzvetkov, Long time dynamics for the one dimensional non 
linear Schrodinger equation, arXiv:1002.4054vl (2010). 

[6] N. Burq and N. Tzvetkov, Random data Cauchy theory for supercritical wave equation land 
II, Invent. Math. 173 (2008), no. 3, 449^75 and 477^96. 

[7] Yeontaek Choi, Yuri V. L'vov, and Sergey Nazarenko, Wave turbulence. Recent Res. Devel. 
Fluid Dynamics 5 (2004), 225. 

[8] A-S. de Suzzoni, Invariant mesurefor the cubic non linear wave equation on the unit ball of 
Dynamics of PDE 8 (2011), 127-147. 

[9] G.E. Falkovich, V.E. V.S. Lvov, and V.E. Zakharov, Kolmogorov spectra of turbulence, 1992. 



39 



[10] NN. Filonenco and V.E. Zakharov, Weak turbulence of capillary waves. Journal of App. 
Mech. Tech. Phys. 8 (1967), no. 5, 37^0. 

[11] J. Lebowitz, R. Rose, and E. Speer, Statistical dynamics of the nonlinear Schrddinger equa- 
tion, J. Stat. Physics 50 (1988), 657-687. 

[12] S.L. Musher and V.E. Zakharov, Kolmogorov spectrum in the system of nonlinear operators, 
Docl. Akad. Nauk SSSR209 (1973), 1063-1065. 

[13] A.C. Newell and D.J. Benney, Sequential time closures of interacting random waves. Studies 
in Applied Math. 46 (1967), no. 363. 

[14] , Random waves closures. Studies in appUed mathematics 48 (1969), no. 1, 29-53. 

[15] R. Peierls, Annalen Physik 3 (1929). 

[16] D. Roumegoux, A symplectic non-squeezing theorem for BBM equation. Dynamics of PDE 
7 (2010), 289-305. 

[17] F. Schwabl, Statistical mechanics. Springer, 2002. 

[18] N. Tzvetkov, Invariant measures for the defocusing nonlinear schrddinger equation, Annales 
de I'institut Fourier 58 (2008), 2543-2604. 

[19] V.E. Zakharov, Weak turbulence in media with decay spectrum. Journal of App. Mech. Tech. 
Phys. 6 (1967), no. 4, 22-24. 



40 



